Complete absence of localization in a family of disordered lattices 
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We present analytical results supported by numerical analysis to show that even in a discrete tight- 
binding model, a random arrangement of a simple four-atom diamond cell in a host lattice of identical 
atoms can render the entire energy spectrum absolutely continuous when special correlations in the 
numerical values of a subset of the system parameters are enforced. The observation is in total 
contrast to the canonical case of Anderson localization, which is insensitive to the numerical values 
of the parameters describing the system. The result has been verified for a wide variety of geometries, 
and rings true in every case. 
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Localization of electronic states in a disordered lattice, 
first proposed by Anderson [ij is a problem of everlasting 
interest in condensed matter physics, and continues to 
generate intriguing features in quantum transport prop- 
erties of randomly disordered systems. Over the years, 
with the improvement of fabrication and lithographic 
techniques the realm of Anderson localization 0, 0] has 
extended beyond the electronic systems, and has encom- 
passed tailor made artificial crystal structures, viz., the 
photonic 3, B , phononic d, 01, plasmonic [1, [§| or po- 
laritonic [10, llli lattices. Very recently, ultracold gases 
even allowed for the direct observation of localization of 
matter waves T3- 14 1. 

The pivotal result in this field is that, the electronic 
wave functions are known to be localized for dimensions 
d < 2 (the band center in the off diagonal disorder case 
is an exception), and even for d > 2 for strong disor- 
der, with an exponential decay in the envelope of the 
wave functions [3, Q . The result has been substantiated 
by meticulous analyses of various calculations related to 
the localization length 15 , 1^ , density of state s fl7j , or 
multi-fractality of the single particles states H, 19l|. Ex- 
tensive work has also been undertaken to study the in- 
tricacies of the single parameter scaling hypothesis - its 
validity [l^ , variance [2lj , or even violation [22], [2^ in 
low dimensional systems within a tight-binding approxi- 
mation, that has been subsequently consolidated by ex- 
perimental measurements of conductance distribution in 
quasi-one dimensional gold wires (23 |. 

In the last decade we have come across examples, 
within a tight-binding description, where localization- 
dclocalization transitions have been observed in disor- 
dered systems. The transitions are attributed to cer- 
tain special kinds of correlation in the potential pro- 



files [25M28j and, have unraveled the presence of dis- 
crete energy levels corresponding to extended eigenfunc- 
tions [2^. This led to the possibility of a spectral con- 



systems [28[ has also been put forward recently. In such 
cases the general exponentially localized character of the 
eigenfunctions prevail, and there is a mixed spectrum of 
localized and extended states (under some special corre- 
lations as discussed above). 

In the present letter, we put forward an example where 
the fundamental result of Anderson localization seems to 
get violated. We consider a diamond network of four 
atomic like sites placed at random in a host lattice of 
isolated atomic sites. The system is described by a tight- 
binding Hamiltonian. The on-site potential at every lat- 
tice point is taken to be a constant, while the nearest- 




FIG. 1: (Color online), (a) A typical realization of an array 
of isolated atomic sites (marked as black circles) and the di- 
amond shaped quadruplets (in isolation, and in clusters, and 
marked by light blue circles, (b) The renormalized 1-d chain, 
where the isolated dots remain un-renormalized, while the 
diamond clusters are renormalized into /3-7 doublets, or a se- 
quence of pS^-'y. The hopping integral along the major axis 
(backbone) is t, while it is A along the edges of a diamond. 
All on-site potentials are equal. 

neighbor hopping integral along the arms of the diamond 
(A) differ from that along the back bone (t), where it is as- 
sumed to be constant (sec Fig.[T]). There is no positional 
correlation, short range or long range in the conventional 
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tinuum and metal-insulator transition [26l |27| in one, or 
quasi-one dimensional discrete systems. The idea of en- 
gineering extended states in two dimensional disordered 



l26j . We show that, for a particular relation- 
ship between the nearest-neighbor hopping integrals, the 
infinite diamond-dot (DD) chain will yield an absolutely 
continuous spectrum, and that, the two terminal trans- 
mission coefficient will be unity, irrespective of the energy 
of the electron. This result is true not only for such a DD 
chain, but also for other geometrical arrangements of the 
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side coupled atomic clusters with respect to the linear 
chain backbone. We explain in details the DD results in 
this letter with a brief mention of the other cases that 
we have come across. The results, as they appear, are in 
complete contradiction to the canonical case of Anderson 
localization with any kind of disorder, where localization 
does not depend on the numerical values assigned to the 
system parameters (and is thus universal). To the best of 
our knowledge, such examples have never been discussed 
in the literature so far. 

Spinless, non-interacting electrons on the DD chain are 
described by the Hamiltonian, 

Hdd = e '^^^^ + H H'^J + 

where, e is the constant on-site potential, the nearest- 
neighbor hopping integral tij = t along the backbone, 
and tij = A along an edge of the diamond. The 
Schrodinger equation, written equivalently in the form 
of the difference equation, (E — e)'ipi = '^jUj'^IJj allows 
us to decimate out the vertices of the diamond networks 
to map the original chain on to an effective one dimen- 
sional chain [Fig. [TJb)] of four sites a, /3, 7 and S with 
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FIG. 2: (Color online), (a) A perfectly periodic array of iden- 
tical atomic sites (dots), (b) The renormalized lattice ob- 
tained by decimating the encircled dots in (a). This generates 
a chain where the /3, 7 and 5 sites and the nearest-neighbor 
hopping integrals have precisely those values as obtained in 
the disordered DD array by setting A = t/\/2. 

on-site potentials ea = e, ep = e-y = e + /{E — e), 
and es = e + 4A^/(iJ — e). There is a binary distribution 
of hopping integrals along the chain now. These are the 
original t, and the effective coupling r = 2A^/ (E—e) aris- 
ing out of the renormalization of the diamond network. 

Using the difference equation the amplitudes of the 
wave function at the neighboring sites along the effective 
one dimensional chain can be related using the 2x2 
transfer matrices, 

( ) = ( V^' ) ( ^"-1 ) 

A look at the Fig. [ijb) will make it obvious that there 
are four kinds of transfer matrices, viz. Ma, Mp, Mj and 
Ms, which will differ in their matrix elements, depend- 
ing on the respective on-site potentials and the nearest- 
neighbor hopping integrals. From the arrangement of the 
diamonds and the isolated sites in the original DD chain 



it can be appreciated that the the wave function at a far 
end of the chain can be determined if one evaluates the 
product of the unimodular matrices M^, M^p = M^.Mp 
and MySfi = M^.Ms-Mp, or M^g^p = M^.M^.Mp se- 
quenced in the desired random fashion. 

The central result of this communication is that, the 
commutators [Ma,Mp^] ~ 0, and [Ma,M^sp\ = ir- 
respective of the energy E of the electron whenever we 
choose A ~ t/y/2. In an infinite array of diamonds and 
dots, without any restriction on randomness, there can 
be isolated diamonds (equivalent to a /3-7 pair), or a 
sequence of n 4- 1 diamonds (equivalent to a sequence 
of clusters /3-J"-7). The total transfer matrix for such 
a cluster can be written as, M^g-np = Un-i{x)M^sp — 
Un-2{x)Mji3, where, Un{x) is the n-th order Chebyshev 
polynomial of the second kind and x ~ Tr{Ms)/2. It 
immediately becomes obvious that [Ma,M^s^,3] ~ for 
any value of n. This implies that, with A — t/\^ the 
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FIG. 3: (Color online). Transmission probability T (red color) 
and Average Density of States (ADOS) (green color) as a 
function of energy E for a completely disordered array of di- 
amonds and dots in equal concentration. The total number 
of sites is 600, and results averaged over 50 disorder configu- 
rations have been presented. In the non-resonant case (a) we 
have chosen A = 0.3, while A — l/\/2 in (b) where we have 
complete transparency. Other parameters are, t — 1 = to, 
ei — at every site, tl = rs — 1, and eo = in the leads. 

amplitude of the wave function or its phase at any lat- 
tice point on the renormalized chain [Fig. [ijb)] in the 
actual randomly disordered array of diamond and dots 
will be indistinguishable from that in a perfectly periodic 
arrangement of these clusters. This happens independent 
of the energy E of the electron, that is, throughout the 
energy spectrum, and is true for any kind of disordered 
arrangement that one can build using a dot, isolated di- 
amonds or an array of any n number of diamonds. The 
wave functions as result, will have to be of a perfectly 
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extended, Bloch-like character. 

The energy spectrum in the above case will have to 
be absolutely continuous, and the local density of states 
(LDOS) at any nodal point a, /3, 7 or (5 on the renor- 
malized lattice will resemble that for a perfectly or- 
dered lattice of identical sites with on-site potential e 
and nearest neighbor hopping integral t. The band ex- 
tends from [e — 2t,e + 2t]. We have extensively verified 
this, though present only the average density of states to 
save space. Nevertheless, the fact that it should be the 
reality, can be tested by observing that under the condi- 
tion X = t/ the on-site potentials on the renormalizcd 



chain in Fig. [Ijb) are, ec, = e, e 
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and es = e + 2t /{E — e). The nearest- neighbor hopping 
matrix elements turn out to be t (unchanged value) and 
T — t^/{E~ e). Most interestingly, identical values can 
be obtained by beginning with a perfectly periodic chain 




FIG. 4: (Color online). Transmission probability T (red color) 
and ADOS (green color) as a function of energy E for the 
diamond-dot geometry with a total of 600 sites and for arbi- 
trary concentration. Results averaged over 50 different con- 
figurations have been presented. Again we have selected t = 1 
and A = 0.3 for the non-resonant case (a), and A = in 
the resonant case (b). Other parameters are the same as in 
Fig. El 

with constant on-site potential e and nearest-neighbor 
hopping t, and by arbitrarily decimating sites so as to 
reproduce the same disordered pattern as the original 
chain. The process is illustrated in Fig. [5J Now, the lat- 
tice in Fig. [2] is a perfectly periodic one, and no matter 
how we decimate sites, the LDOS at any site will be that 
of a periodic chain with van Hove singularities marking 
the band edges. This is what makes the LDOS at any 
site on the backbone of our original system in Fig. [ijb) 
indistinguishable from that of an ordered chain of atoms. 

To obtain the energy spectrum and the transmission 
probability we use a Green's function formalism [29| . 



Keeping in mind a possible experimental realization of 
the system, we clamp a finite sized system of TV-sites be- 
tween two ideal semi-infinite electrodes (the left and the 
right electrodes) making an electrode-system-electrode 
(ESE) bridge. The electrodes are described by the Hamil- 
tonian. 



E 

<ij> 



to 



(3) 



where different parameters correspond to their usual 
meaning. The couplings between the left (L) and the 
right (R) electrodes and the system (S) are given by, 
Hls = TLc\di + h.c, and Has = Tad^j^ci + h.c, so 
that, the full Hamiltonian of the ESE bridge is given 
by, H = Hq + Hls + Hps + Hod- The average density 
of states (ADOS) of the ESE bridge is given by. 
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Im [Tr(G)] 



(4) 



where, G = {E — H + irj)^ , with ?] — > 0. 

In terms of the Green's function of the conductor and 
its coupling to the side-attached electrodes, the transmis- 



FIG. 5: (Color online). Transmission probability T (red color) 
and ADOS (green color) as a function of energy E for the 
diamond-dot chain away from the resonant case. The re- 
sults averaged over 50 disorder configurations have been pre- 
sented. 100 diamonds with 100 dots have been taken with 
A = 0.98499, a forty percent deviation from the resonance 
value of 1/ y/2. Other parameters are the same as in the ear- 
lier figures. 



sion probability can be written in the form [2£ 

T^TrpL G^FflG^] 



(5) 



where, F^ and Tn describe the coupling of the conductor 
to the left and right electrodes, respectively. Here, 
and G° are the retarded and advanced Green's functions, 
respectively, of the conductor including the effects of the 
electrodes. 

Evaluation of this Green's function, both for getting 
the ADOS and the transmittance needs the inversion of 
an infinite matrix, which is an impossible task, since the 
full system consists of the finite size sample and two semi- 
infinite ID leads. However, the full system can be parti- 
tioned into sub-matrices corresponding to the individual 
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sub-systems and the Green's function for the disordered 
sample can be effectively written as, 



Gc ~ {E — He — — 



(6) 



where, and are the self-energies due to coupling 
of the conductor to the left and right electrodes, respec- 
tively [2^ . All information of the coupling are included 
into these two self-energies. 

In Fig. |3] and Fig. |4]we show the ADOS and the trans- 
mission coefRcient of a DD sequence of a total of 600 
atomic sites. While, in the former, the diamonds and 
the dots appear in equal concentration, the distribution 
is completely unrestricted in the latter. Our previous an- 
alytical argument for the infinite system is perfectly cor- 
roborated in these diagrams. In both the figures the com- 
plete localization of all the eigenstates, corresponding to 
zero transmission, are observed [Fig. ^a.) and Fig. IH^a)] 
as long as A is set quite arbitrarily. The scenario changes 
dramatically as soon as the value of A is set equal to the 




FIG. 6: (Color online). A disordered arrangement of tri- 
angular plaquettes threaded by a magnetic flux, and dots. 
The lattice is completely transparent to an incoming electron 
{-2t < E <2t) if one chooses A = t/\/2 and $ = 'I>o/4. 

calculated value of 1/ y/2 (with t = 1). We now see an ab- 
solutely continuous energy spectrum between E ~ ±2t, 
the central peak at = being the contributions from 
the top and bottom sites of the diamond plaquettes, and 
the transmission coefficient becomes equal to unity irre- 
spective of the energy of the electron. 

Once again, keeping in mind a possible experimental 
realization of such a finite size sample, we have carefully 
studied the effect of a possible deviation in the value of A 
from its ideal 'resonance value' of 1/^/2. The continuity 
of the spectrum stands out to be a robust result even 
when the deviation is substantial. In Fig. [S] we show the 
ADOS and the transmission coefficient for a 40 % devi- 
ation in the value of A. The transmission spectrum is 
seen to be split into three continuous sub-bands of high 
transmission. Interestingly, the transmission spectrum is 
seen to be zero just outside a continuous high transmis- 
sion zone where the ADOS is still non zero. The system, 
with such parameter setting thus opens up the possibility 
of exhibiting even a metal-insulator transition, but this 
needs much more careful investigation. 

Before we end, it may be pointed out that a family of 
similar disordered quasi-one dimensional array of scat- 
terers can be made to exhibit an absolutely continuous 
spectrum even for any disordered arrangement of the ba- 
sic building blocks. Figure |6] refers to one such case where 
a random arrangement of triangular plaquettes threaded 
by a magnetic flux $ and dots arc presented. For an 



identical value of the on-site potential at every site, this 
system becomes completely transparent to an incoming 
electron of any energy —2t<E<2t provided we set 
A ~ t/^/2 and <I> = $o/4. Even simpler geometries with 
a minimal side coupling of one quantum dot is capable of 
sustaining an absolutely continuous spectrum in a lattice 
with off diagonal disorder [s^l . Details of these cases will 
be presented elsewhere. 
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